In this paper, we investigate the exact solutions and conservation laws of a general Hirota equation. Firstly, the N-fold Darboux transformation of this equation is proposed. Then by choosing three kinds of seed solutions, the multisoliton solutions, breather solutions, and rogue wave solutions of the general Hirota equation are obtained based on the Darboux transformation. Finally, the conservation laws of this equation are derived by using its linear spectral problem. The results in this paper may be useful in the study of ultrashort optical solitons in optical fibers.
Introduction
During the past decades, many researches have been focused on optical solitons due to their potential applications in optical fiber long-distance transmission systems. According to the theoretical report and experimental results in [, ], optical solitons are based on the balance between the group velocity dispersion and self-phase modulation in the picosecond regime, and the propagation of such a soliton is governed by the standard nonlinear Schrödinger equation (NLS) [, ] ,
where u = u(x, t) denotes the slowly varying complex envelope of the wave, and subscripts x and t are the longitudinal distance and retarded time, respectively. In recent years, the ultrashort pulses have attracted much interest because of their applications in optical fibers. When they are considered, the NLS equation () cannot describe the corresponding physical characteristics, and it accounts for the following three points: first, the fourth-order dispersion should be considered when the pulse width is below  femtoseconds [, ]; second, the higher-order nonlinearities should not be neglected when the optical field frequency approaches a resonant frequency of the optical fibers material [, ] ; third, the self-steepening and self-frequency shift should be included when extremely narrow pulse has very high optical intensity as the fourth-order dispersion and cubic-quintic nonlinearities are considered [, ] . Comprehensively considering these three factors, in this paper, we study the higher-order nonlinear Schrödinger equation
where u is the complex amplitude of the pulse envelope, the parameter denotes the relative width of the spectrum that arises due to the quasi-monochromaticity, and α  , α  , α  , α  , and α  are real constants. It is shown in [] that when α  = δ  α  , α  = δ  α  , and α  = -δ  α  , Eq. () becomes the bright soliton version of the general Hirota equa-
which further becomes the following general Hirota equation by putting α  = α and α  = :
Note that when = , α = 
The aim of this paper is to find some new-type explicitly exact solutions and conservation laws of the general Hirota equation (). In recent years, some work [-] has been done to investigate the exact solutions and numerical solutions of various differential equation. Especially, some results on the Hirota equation are proposed by analytical [-] and numerical [] methods. However, here we consider the general Hirota equation () in a different way and derive the multisoliton solutions, breather solutions, rogue wave solutions, and conservation laws of this equation. This paper is organized as follows. The Lax pair and N -fold Darboux transformation of Eq. () are presented in Section . In Section , the multisoliton solutions, breather solutions, and rogue wave solutions are obtained via the proposed Darboux transformation, and the dynamics of these exact solutions is analyzed by their density distributions. In Section , some conservation laws for the Eq. () are listed explicitly. Conclusions are addressed in the last section.
Lax pair and Darboux transformation
The Lax pair (i.e., linear spectral problem) [] of the general Hirota equation () is
with matrices U and V of the forms
where ϕ = (f , g) T (here T denotes the transpose), λ is a spectral parameter, and
with
Through direct calculations, we can verify that the zero-curvature equation Darboux transformation (DT) technique is a method that can derive multisoliton solutions from trivial seed solutions in a purely algebraic procedure for the integrable nonlinear wave equations [] . Main feature of DT is that the Lax pair associated with the nonlinear wave equations remains covariant under the gauge transformation. By using the Lax pair () we construct the gauge transformation of Eq. () as
where I denotes the identity matrix, and S = (s () ij ) × is a  ×  matrix. Furthermore, if the matrix S takes the form
T is also a solution of the Lax pair () corresponding to λ = λ *  . Thus, under the gauge transformation ϕ () = T () ϕ, the Lax pair () becomes
with Through the gauge transformation (), the relationships among T () , U, and U () can be found:
By direct computation based on Eqs. ()-(), we can obtain a relation between potential functions u () and u:
So the DT of the general Hirota equation () is defined as
where
. . , N ) of Eq. () are given, then the basic DT may be iterated. To do the second step of transformation, we employ ϕ  , which is mapped to ϕ
In the general case, we have the following theorem.
respectively. Then the N -fold DT for the general Hirota equation () is
T is the solution of the spectral problem () at λ = λ j+ .
Multisoliton solutions, breather solutions, and rogue wave solutions
In this section, we give some explicit solutions of Eq. () via the DT in Section . Now we take the nonzero continuous wave (cw) solution u = ce i(ax+bt) as the initial seed for Eq. (), where a, b, c are all real parameters. Equation () requires the frequency b to satisfy the following nonlinear dispersion relation:
Thus, the cw seed solution of the general Hirota equation () is
T to be the solution of the spectral problem (), we have
After tedious computations, we obtain that
Multisoliton solutions
In this subsection, we present the multisoliton solutions of Eq. () explicitly. To do so, take c = , that is, zero initial seed solution for Eq. (). The solutions of the spectral problem () in Eqs. () and () are reduced to the following forms: () When N =  in the Darboux transformation of Theorem , after some calculations, we have
where λ = ε  + iη  , and u 
where u We remark that we can also get the high-order soliton solutions of the general Hirota equation () by continuing iteration of the DT in Theorem . 
Multibreather solutions
In this subsection, we consider the case of parameter c =  in the seed solution of the general Hirota equation (), which we will start with the plane wave seed solution. Without loss of generality, assuming that c =  and substituting the solution of the spectral problem () given by Eqs. 
Rogue wave solutions
Next, we manage to search a generalized DT. Suppose that ϕ  = ϕ  (λ  + σ ) is a special solution for Eq. (). Then after transformation we have ϕ
where ϕ
and σ is a small parameter. Through the limit process
we can find another solution to the linear system Eq. () with u () and spectral parameter λ = λ  . This allows us to go to the next step of the DT, namely, Eq. (). Similarly, the limit
provides a nontrivial solution for the linear spectral problem with u () and λ = λ  . Thus, we may do the third-step iteration of the DT as follows:
Continuing this process and combining all the DT, a generalized DT is constructed. Thus, we have the following theorem. 
be their expansions, where
are the generalized DT for the general Hirota equation ().
We remark that the solution expressed in Eq. () is written in terms of summations, which is very easy to understand. In fact, for nonzero ϕ (k) (k = , , . . . , N ), all the denominators of s (j)  are easily seen to be nonzero in these forms; therefore, Eq. () provides some nonsingular solutions.
Let us consider an example to illustrate the application of Theorem  to the construction of rogue wave solutions. To do so, starting with the seed solution u = e it , the solution of the linear spectral problem () at λ = ih is
Expanding the vector function ϕ  (f ) at f = , we have It is clear that ϕ
 is a solution for Eq. () at λ = i. In the following, we only discuss two cases, N =  and N = .
() When N = , by means of formula () we can obtain
From Eqs. (), (), and () we derive a simplified form of the first-order rogue wave solution: 
